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Semilinear elliptic problems in unbounded
domains with unbounded boundary∗
Riccardo Molle†
Abstract
This paper deals with a class of singularly perturbed nonlinear
elliptic problems (Pε) with subcritical nonlinearity. The coefficient of
the linear part is assumed to concentrate in a point of the domain,
as ε → 0, and the domain is supposed to be unbounded and with
unbounded boundary. Domains that enlarge at infinity, and whose
boundary flattens or shrinks at infinity, are considered. It is proved
that in such domains problem (Pε) has at least 2 solutions.
Key words: Unbounded domains. Unbounded boundary. Concentrating poten-
tial. Multiple solutions.
A.M.S. subject classification 2000: 35J60, 35J20, 35J25.
1 Introduction
This paper deals with the problem
(Pε)


−ε2∆u+ aε(x)u = u
p−1 in Ω
u > 0 in Ω
u = 0 on ∂Ω,
where Ω is an unbounded domain in RN , N ≥ 2, having smooth boundary,
ε > 0, p > 2 and p < 2N/(N − 2) when N ≥ 3. The function aε(x) is
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assumed to concentrate in a point x0 ∈ Ω, when ε goes to 0; that is a is
assumed to have the following form
aε(x) = a0 + α
(
x− x0
ε
)
(1.1)
with
x0 ∈ Ω, a0 > 0, α ∈ L
N/2(RN ), α ≥ 0, |α|LN/2(RN ) > 0, (1.2)∫
RN
α(x)e2|x|
(
1 + |x|
N−1
2
σ
)
dx <∞ for some σ ∈ (1, 2]. (1.3)
There is a large literature on problem (Pε) in the case Ω = R
N (Schro¨-
dinger equations). The existence and multiplicity of solutions is related to
some critical points of aε(x) or to some topological property of the sublevels
of aε(x) (see, for example, [1, 12, 17, 20] and references therein).
When Ω is an exterior domain, i.e. Ω = RN \ ω¯, with ω ⊂ RN bounded,
and aε(x) ≡ const we refer to [2] and [3], where the existence of at least one
solution uω for problem (Pε) is proved. In [18] the behaviour of the “energy”
of the solution uω is studied, as the “hole” ω increase. Taking into account
this behaviour, a multiplicity result is found in [19], when ω has several
suitable connected components (see also [15] for a multiplicity result). If Ω
is an exterior domain and aε(x) concentrates in a point of Ω (see (1.1)-(1.3)),
then in [6] it has been proved that problem (Pε) has at least three solutions.
In this paper we are interested in problem (Pε) when not only Ω, but also
∂Ω is unbounded. In the autonomous case this problem has been studied in
[11] and a non-existence result has been proved for a class of domains, that
includes half-spaces. On the other hand, if Ω is a strip-like domain in [10] it
has been proved that problem (Pε) has a solution, found taking advantage of
the symmetry properties of the domain. We mention also that an existence
result has been proved in [14], assuming RN \ Ω of “small capacity”.
In the present work we consider problem (Pε) in unbounded domains that
do not enjoy of symmetry properties and whose complement is not required
to be small. Of course we have to impose some restriction to the shape of Ω.
For x ∈ Ω and y ∈ ∂Ω, we set
r(x) = sup{ρ > 0 : ∃x¯ ∈ Ω such that x ∈ B(x¯, ρ) and B(x¯, ρ) ⊂ Ω},
h(y) = sup{dist(z, T∂Ω,y ∩ B(y, 1)) : z is in the connected component
of ∂Ω ∩ B(y, 1) containing y}
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where B(y, r), r > 0, denotes the ball centered in y and with radius r and
T∂Ω,y is the hyperplane tangent to ∂Ω in y; then we assume that Ω satisfies
lim
R→∞
inf{r(x) : x ∈ Ω, |x| = R} = +∞, (C1)
lim
R→∞
sup{h(y) : y ∈ ∂Ω, |y| = R} = 0. (C2)
Assumption (C1) implies that the domain Ω enlarges at infinity while
by assumption (C2) its boundary either flattens or shrinks, at infinity. For
example, domains that verify assumptions (C1) and (C2) are
Ωα1 =
{
(x′, xN) ∈ R
N : x′ ∈ RN−1, xN ∈ R, |x
′|2 > 1
(1+x2N )
α
}
, α > 0,
Ω′ = {(x′, xN) ∈ R
N : x′ ∈ RN−1, xN ∈ R, xN > (1 + |x
′|2)1/2},
Ω′′ = RN \ Ω¯′
and Ωα2 = R
N \ ω¯α, where, for α > 1
2
,
ωα =
{
(x′, xN) ∈ R
N : x′ ∈ RN−1, xN ∈ R, |x
′| > 1, xN <
(|x′| − 1)1/2
|x′|α
}
.
Let us remark that even if the sets Ωα1 have the complementary “small”, they
are more general than the domains considered in [14], where it is required
that α > 1
N−3
, when N > 3.
We are fronting problem (Pε) in a variational way. An essential difficulty
in this approach is caused by the lack of compactness due to the non-compact
embedding H10 (Ω) →֒ L
P (Ω), when Ω is unbounded. If Ω = RN or Ω is
an exterior domain, then, by the concentration-compactness principle (see
[3], [16]), a local compactness condition holds, that allows to apply mini-
max techniques in some energy intervals and permit to give existence and
multiplicity results (see [17], [6]). When ∂Ω is unbounded the compactness
situation is worse, in general. Indeed, as we shall see in detail in Remark 3.2,
when Ω is either a strip-like domain or the exterior of a cylinder, the local
compactness condition fails. Nevertheless we prove that, if the assumptions
(C1) and (C2) are satisfied, then the local compactness is restored in some
sense and we can apply topological methods in order to obtain solutions for
problem (Pε). The result we obtain is the following:
Theorem 1.1 Assume that aε is of the form (1.1) and satisfies (1.2), (1.3)
and suppose that Ω verifies assumptions (C1) and (C2); then there exists
ε¯ > 0 such that for ε ∈ (0, ε¯) problem (Pε) has at least 2 solutions.
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One of the solutions found in Theorem 1.1 is given by a kind of local
maximum for the functional related to problem (Pε), due to the concentrating
coefficient a, while the other is a solution of saddle type and is given by the
interaction between the boundary of Ω and the concentration of the potential.
Since there is no assumption on the topological complexity of Ω (for example
Ω can be an half-space), in general it is not possible to say that problem (Pε)
has more than 2 solutions.
This paper is organized as follows: in Section 2 we introduce a suitable
variational setting related to problem (Pε), we recall some known results and
define some notations; Section 3 is devoted to a compactness Lemma; in
Section 4 we prove some preliminary results, used in the proof of Theorem
1.1, that is contained in Section 5.
2 The variational framework and useful tools
In order to simplify the notations, in the following we will assume x0 = 0
and a0 = 1. Moreover if u ∈ H
1
0 (D), where D is an open set in R
N , we
will denote with the same symbol u its extension to RN , obtained by setting
u = 0 outside D.
For D ⊂ RN , let us set Dε = {x ∈ R
N : εx ∈ D}. A simple computation
shows that if v solves problem (Pε), then u(x) = v(εx) solves
(P˜ε)


−∆u + (1 + α(x))u = up−1 in Ωε
u > 0 in Ωε
u = 0 on ∂Ωε.
The solutions of (P˜ε) correspond to the nonnegative functions that are
critical points of the functional E : H10 (Ωε)→ R given by
E(u) =
∫
RN
(|∇u|2 + (1 + α(x))u2)dx,
constrained on the manifold
Vε = {u ∈ H
1
0 (Ωε) : |u|Lp = 1}.
Let us set
mε = inf{E(u) : u ∈ Vε}, (2.1)
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m = min
u∈H1(RN ),|u|Lp=1
∫
RN
(|∇u|2 + u2)dx. (2.2)
It is well known that the minimum in (2.2) is achieved by a positive radial
function w, that is decreasing when the radial co-ordinate increases, unique
modulo translation and such that
lim
|x|→∞
|Djw(x)||x|
N−1
2 e|x| = d > 0, d ∈ R (2.3)
(see [4] and [13]).
Proposition 2.1 If Ω verifies (C1), then mε = m for every ε > 0 and the
minimization problem (2.1) has no solution.
Proof Fix ε > 0. Since H10 (Ωε) ⊂ H
1(RN), it follows at once mε ≥ m.
To prove that, actually, equality holds, fix 0 < ν < dist(0, ∂Ω) and set
Ω− = {x ∈ Ω : dist(x, ∂Ω) > ν} (2.4)
Then define a smooth function ζε on Ωε such that
supp ζ1 ⊂ Ω, ζ1(x) = 1 on Ω
−, ζε(x) = ζ1(εx). (2.5)
Now, for every n ∈ N let us choose xn ∈ Ωε such that B(xn, n) ⊂ Ω
−
ε (it is
possible by (C1)) and consider the functions
vn(x) =
ζε(x)w(x− xn)
|ζε(x)w(x− xn)|Lp
.
Taking into account (2.3), it is not difficult to see that
lim
n→∞
E(vn) = m,
so mε = m.
Let us now assume that the minimization problem (2.1) has a solution
u∗ ≥ 0. Then
m ≤ ‖u∗‖2H1(RN ) = ‖u
∗‖2H1(Ωε) ≤ ‖u
∗‖2H1(Ωε) +
∫
Ωε
α(x)(u∗(x))2dx = m.
Thus we deduce
u∗(x) = w(x− y∗) for some y∗ ∈ RN
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and, by (1.2) and w(x) > 0 ∀x ∈ RN ,
0 =
∫
Ωε
α(x)(u∗(x))2dx =
∫
Ωε
α(x)w2(x− y∗)dx > 0,
that is a contradiction.
q.e.d.
In the following of this section some tools are introduced, useful to de-
scribe some topological properties of the sublevels of E on Vε.
First, a barycenter type function is defined. For u ∈ Lp(RN) set
u˜(x) =
1
ωN
∫
B(x,1)
|u(y)|dy,
ωN being the Lebesgue measure of the unit ball in R
N , and
uˆ(x) =
[
u˜(x)−
1
2
max
RN
u˜(x)
]+
;
then define β : Lp(RN) \ {0} → RN by
β(u) =
1
|uˆ|pLp
∫
RN
x · [uˆ(x)]pdx. (2.6)
Observe that β is well defined for all u ∈ Lp(RN) \ {0}, because uˆ 6≡ 0 and
has compact support, moreover β is continuous and verifies
β(v(x)) = β(v(x− z))− z ∀v ∈ Lp(RN) \ {0}, ∀z ∈ RN . (2.7)
Then some functions in Vε and sets in R
N are defined. Let us denote
wε : R
N → Vε by
wε[y](x) =
ζε(x)w(x− y)
|ζε(x)w(x− y)|Lp
, x, y ∈ RN ,
where w is the minimizing function for m (see (2.2)) and ζε has been intro-
duced in (2.5).
Fixed ξ such that |ξ| = 1, set
Σ := ∂B(ξ, 2) = {y ∈ RN : |y − ξ| = 2},
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and, for ε, ρ > 0, define wε,ρ : Σ× [0, 1]→ Vε by
wε,ρ[y, t](x) =
ζε(x)[(1 − t)w(x− ρy) + tw(x− ρξ)]
|ζε(x)[(1− t)w(x− ρy) + tw(x− ρξ)]|Lp
.
In particular, it holds wε,ρ[y, 0] = wε[ρy] and wε,ρ[y, 1] = wε[ρξ].
Finally, let us consider x¯ ∈ ∂Ω such that {tx¯ : t ∈ [0, 1)} ⊂ Ω and call
Sε = {tx¯/ε : t ∈ [0, 1− ε]}. (2.8)
3 A compactness results
In this section we prove a result which states that, under conditions (C1) and
(C2), the functional E constrained on Vε verifies the Palais-Smale condition
in an energy range. This statement will allow us to apply some mini-max
techniques of the Calculus of Variations, in order to prove Theorem 1.1.
Lemma 3.1 Suppose that Ω verifies assumptions (C1) and (C2), fix ε > 0
and let (un)n be a Palais-Smale sequence for E constrained on Vε, i.e. un ∈ Vε
and
lim
n→∞
E(un) = c (3.1)
lim
n→∞
∇E|Vε(un) = 0. (3.2)
If c ∈ (m, 21−2/pm) then (un)n is relatively compact in Vε.
Proof To get Lemma 3.1, the behaviour at infinity of the (PS)-sequence (un)n
is analysed, as in [3, 16]. Roughly speaking, it is proved that a sequence (un)n
which verifies (3.1) and (3.2) may be decomposed in “waves” at infinity which
solve some limit problems. Then, by the energy estimate c ∈ (m, 21−2/pm),
we can conclude that these waves must vanish, hence (un)n converge strongly
to its weak limit.
From (3.1) it follows that (un)n is bounded in H
1
0 (Ωε), so there exists
v0 ∈ H
1
0 (Ωε) such that, up to a subsequence,
un → v0, as n→∞, in L
p
loc(Ωε) and weakly in H
1
0 (Ωε). (3.3)
If we consider u¯n = un−v0, then we can apply Lemma 3.2 of [18] to (u¯n)n
and we find a sequence (vk)k in H
1(RN) and, for each k ∈ N, a sequence (ykn)n
in Ωε such that
lim
n→∞
|ykn| =∞ ∀k ∈ N, lim
n→∞
|yk
′
n − y
k′′
n | =∞ if k
′ 6= k′′ (3.4)
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and
u¯n(x+ y
k
n)→ vk as n→∞, in L
p
loc(R
N) and weakly in H1(RN); (3.5)
moreover
∞∑
k=1
|vk|
p
Lp = 1− |v0|
p
Lp, (3.6)
E(v0) +
∞∑
k=1
‖vk‖H1(RN ) ≤ lim
n→∞
E(un) = c. (3.7)
Observe that (3.2) implies that there exists a sequence (µn)n in R such
that for every v ∈ H10 (Ωε)∫
Ωε
[∇un∇v+(1+a(x))unv]dx = µn
∫
Ωε
|un|
p−2unvdx+o(1)‖v‖H1(Ωε). (3.8)
Therefore, putting v = un in (3.8) and using (3.1), we obtain
lim
n→∞
µn = c. (3.9)
In particular, from (3.3), (3.8) and (3.9) it follows that v0 solves{
−∆u+ (1 + a(x))u = c|u|p−2u in Ωε
u = 0 on ∂Ωε.
(3.10)
Moreover, taking into account (3.5), (3.8), (3.9), (C1) and (C2), from
standard arguments it follows that vk solves{
−∆u + u = c|u|p−2u in RN
u ∈ H1(RN)
(3.11)
or gives a solution of {
−∆u + u = c|u|p−2u in Π
u ∈ H10 (Π),
(3.12)
where Π is an half-space in RN .
If vk gives a solution of (3.12), then vk ≡ 0, by Theorem I.1 in [11].
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It is well known that u = (m/c)1/(p−2)w (see (2.2)) is the least energy
solution among all the nontrivial solutions of (3.11) (see [3], for example),
hence if vk solves (3.11) then
‖vk‖H1(RN ) ≥ (m/c)
2/(p−2)m. (3.13)
Inequalities (3.13) and (3.7) imply that there exists k¯ ∈ N such that vk = 0
for k ≥ k¯. Moreover if vk′, vk′′ 6= 0, for k
′ 6= k′′, then from (3.13) and (3.7) it
follows that c ≥ 21−2/pm, contrary to our assumption. Hence we must have
at most v1 6= 0, for example.
We claim that also v1 = 0. Arguing by contradiction, assume that v1 6= 0.
Observe that, by (3.10), c1/(p−2)v0 solves (P˜ε) (except for the sign), more-
over all the nontrivial solutions of (Pε) are of the form [E(u¯)]
1/(p−2)u¯, where
u¯ is a critical point for E on Vε. So, taking into account Proposition 2.1, we
get
E(v0) > (m/c)
2/(p−2)m. (3.14)
From (3.14), (3.13) and (3.7) it follows that if v0, v1 6= 0 then c > 2
1−2/pm,
contrary to our assumption. Hence v1 6= 0 implies v0 = 0 and so by (3.5)
and (3.6) we get |v1|Lp = 1 and un(x+ y
1
n)→ v1, as n→∞, strongly in L
p.
Applying this result to (3.8) and using (3.5) we obtain c = ‖v1‖H1(RN ). If
v1(x) ≥ 0 ∀x ∈ R
N (or v1 ≤ 0), then, as stated in §2, ‖v1‖H1(RN ) = m, while
we have assumed c > m, so it has to be v+ 6≡ 0 and v− 6≡ 0. Then by (3.11)
and by the definition of m (see (2.2))
m|v±1 |
2
Lp ≤
∫
RN
(|∇v±1 |
2 + (v±1 )
2)dx = c|v±1 |
p
Lp, (3.15)
hence |v1|
p
Lp ≥ 2(m/c)
p/(p−2), that implies c > 21−2/pm, against our assump-
tion. Therefore it must be v1 = 0.
Finally, let us prove that un → u0 strongly in H
1(Ωε). First observe that
un → v0 strongly in L
p(Ωε), by (3.3) and (3.6). Then let us compute
‖un − v0‖H1(Ωε) < E(un − v0) = E(un) + E(u0)
− 2
∫
Ωε
[∇un∇v0 + (1 + (x))unv0]dx −→ 0, as n→∞, (3.16)
by (3.3) and (3.8), applied with v = un and v = v0.
q.e.d.
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Remark 3.2 In the proof of Lemma 3.1 we have used assumptions (C1)
and (C2) in order to obtain that the “waves” vk, to which (PS)-sequences
converge, give a solution of one of the limit problems (3.10), (3.11) and (3.12).
If we drop either assumption (C1) or (C2), the alternatives (3.10)-(3.12) are
not the only ones possible and, in fact, Lemma 3.1 could be false.
To explain the reason why Lemma 3.1 does not hold, in general, if con-
dition (C1) is not verified, consider, for example, an open set Ωˆ which at
infinity looks like a strip-like domain. For a suitably large strip-like domain
Ω there are positive solutions uˆ to problem −∆u+u = up−1 in H10 (Ω), whose
energy E(uˆ/|uˆ|Lp) is in the range (m, 2
1−2/pm) (see [10]). Therefore it is not
difficult to construct not relatively compact (PS)-sequences for the functional
E on {u ∈ H10 (Ωˆ) : |u|Lp = 1} at the level E(uˆ/|uˆ|Lp).
Suppose now that assumption (C2) is not fulfilled and let us show that
also in this case (PS)-condition fails, for some domains. To this end, consider
an open set Ω˜ which at infinity looks like the complementary of a cylinder.
Also for the complementary Ω of a cylinder there are positive solutions u˜ to
problem −∆u+ u = up−1 in H10 (Ω), whose energy E(u˜/|u˜|Lp) is in the range
(m, 21−2/pm) ([7]), hence we can conclude as before.
Roughly speaking, (PS)-condition fails for domains like Ωˆ because they
remain thin at infinity, while it fails for domains like Ω˜ because ∂Ω˜ does not
flatten at infinity and it does not become smaller and smaller.
The following lemma estabilishes a lower bound for the energy of a critical
point u of E on Vε which changes sign. The proof can be easily deduced using
the definition of m, as in (3.15).
Lemma 3.3 Let u ∈ H10 (Ωε) be such that
|u|Lp = 1 E(u) = c ∇E|Vε(u) = 0.
Then u+ 6≡ 0 and u− 6≡ 0 implies c > 21−2/pm.
4 Analysis of some sublevels of E on Vε
In the proof of Theorem 1.1 the solution of maximum type related to the
concentrating coefficient a has “high energy” and the saddle type solution
has “small energy”. To find the saddle type solution solution, consider r > 0
such that B(0, r) ⊂ Ω− (see (2.4)) and define
Sε = inf{E(u) : u ∈ Vε, β(u) ∈ Sε}, (4.1)
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Sε,0 = max
∂B(0,r/ε)
E(wε[y]), (4.2)
Sε,1 = inf{E(u) : u ∈ Vε, β(u) ∈ {0, (1− ε)x¯/ε}}. (4.3)
To find the solution related to a, let us define
Aε = inf{E(u) : u ∈ Vε, β(u) = 0}, (4.4)
Aε,ρ,1 = max
Σ×[0,1]
E(wε,ρ[z, t]), (4.5)
Aε,ρ,0 = max
Σ
E(wε,ρ[z, 0]). (4.6)
Next results state some properties of the levels just defined.
Lemma 4.1 If D is a compact subset of Ω, then
lim
ε→0
max
y∈D
|β(wε[y/ε])− y/ε| = 0. (4.7)
Proof For ε > 0, let yε ∈ D; we are proving that
lim
ε→0
|β(wε[yε/ε])− yε/ε| = 0. (4.8)
Denote wtε[z](x) = wε[z + yε/ε](x + yε/ε), x, z ∈ R
N ; from (2.7) it follows
that (4.8) is equivalent to
lim
ε→0
|β(wtε[0])| = 0. (4.9)
Taking into account (2.5), we get 0 ≤ wtε[0](x) ≤ 2w(x) for small ε; then,
in particular,
lim
ε→0
wtε[0](x) = w(x) in L
p(RN). (4.10)
By the symmetry of w we have β(w(x−z)) = z, ∀z ∈ RN ; hence (4.9) follows
from (4.10) and from the continuity of β with respect to the Lp-norm.
Now, a suitable choice of yε yields (4.7).
q.e.d.
Remark 4.2 Lemma 4.1 implies that if D ⊂ Ω− and if U is a neighborhood
of D, then for small ε the map
z 7→ β(wε[z])
is homotopic in Uε to the identity map, by the homotopy K : [0, 1]×Dε → Uε
defined by
K(θ, z) = θβ(wε[z]) + (1− θ)z 0 ≤ θ ≤ 1. (4.11)
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Proposition 4.3 If aε is of the form (1.1) and verifies (1.2), then there
exists µα,1 > m such that
Aε > µα,1 ∀ε > 0. (4.12)
Proof Arguing by contradiction, let us assume that there exist sequences
(εi)i in R
+, ui ∈ H
1
0 (Ωεi) such that
|ui|Lp = 1, β(ui) = 0 (4.13)
lim
i→∞
∫
Ωεi
[|∇ui|
2 + (1 + α(x))u2i ]dx = m. (4.14)
Moreover we can assume ui ≥ 0 in R
N , ∀i ∈ N.
Our first claim is that it must be εi ≥ c, for a suitable constant c > 0.
Assume, contrary to our claim, that εi → 0, as i→∞, up to a subsequence.
From (4.14) and (2.2) it follows that ui is a minimizing sequence form, hence,
by the uniqueness of the solution of (2.2), a sequence of points (zi)i in R
N
and a sequence of functions ϕi in H
1(RN) exist such that
ui(x) = w(x− zi) + ϕi(x) x ∈ R
N (4.15)
with
lim
i→∞
ϕi(x) = 0 in H
1(RN) and in Lp(RN). (4.16)
The same arguments of Lemma 4.1 show that limi→∞(β(ui)− zi) = 0 hence,
by (4.13)
lim
i→∞
zi = 0. (4.17)
Using (4.13)–(4.17), we get
m =
∫
RN
[|∇w|2 + w2] ≤
∫
RN
[|∇w|2 + (1 + α(x))w2] = m, (4.18)
that implies
∫
RN
αw = 0. This is not possible since w > 0 on RN and α
verifies (1.2), hence the claim follows.
If εi ≥ c, ∀i ∈ N, set Ω˜c = ∪ε≥cΩε. By (4.14) and arguing as in Proposi-
tion 2.1, we can conclude that (ui)i is a minimizing sequence forE constrained
on {u ∈ H10 (Ω˜c) : |u|Lp = 1}. Then (4.15) and (4.16) hold for suitable se-
quences (zi)i in R
N and (ϕi)i in H
1(RN). Moreover (4.17) is verified and so
ϕi → −w in R
N \ Ω˜c. This is in contradiction with (4.16) and shows that
also εi ≥ c is not possible.
q.e.d.
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Proposition 4.4 If a is of the form (1.1) and verifies (1.2),(1.3), then there
exist µα,2 ∈ (m, 2
1−2/pm), ρα > 0 and ε1 > 0 such that if ε ∈ (0, ε1) then
Aε,ρα,1 ≤ µα,2, (4.19)
Aε,ρα,0 < µα,1; (4.20)
moreover
Aε ≤ Aε,ρα,1. (4.21)
Proof For z ∈ Σ and t ∈ [0, 1], let us define w0,ρ[z, t] : R
N → R by
w0,ρ[z, t](x) =
(1− t)w(x− ρz) + tw(x− ρξ)
|(1− t)w(x− ρz) + tw(x− ρξ)|Lp
.
As stated in Step 1 of Proposition 3.3 in [6], there exist ρ1 > 0 and µα,2 ∈
(m, 21−2/pm) such that if ρ > ρ1 then
max
Σ×[0,1]
∫
RN
[
|∇w0,ρ[z, t]|
2 + (1 + α(x))(w0,ρ[z, t])
2
]
dx < µα,2. (4.22)
Let us compute∫
RN
[
|∇w0,ρ[z, 0]|
2 + (1 + α(x))(w0,ρ[z, 0])
2
]
dx
=
∫
RN
[
|∇w(x− ρz)|2 + (1 + α(x))w(x− ρz)2
]
dx
= m+
∫
RN
α(x)w(x− ρz)2dx, (4.23)
with
lim
|y|→∞
∫
RN
α(x)w(x− y)2dx = 0, (4.24)
by (1.2) and (2.3).
Hence there exists ρ0 such that
max
Σ
∫
RN
[
|∇w0,ρ[z, 0]|
2 + (1 + α(x))(w0,ρ[z, 0])
2
]
dx < µα,1 ∀ρ > ρ0.
(4.25)
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Let us fix ρα > max{ρ0, ρ1}; we claim that for every compact set K ⊆
Σ× [0, 1]
lim
ε→0
max
(z,t)∈K
E (wε,ρα[z, t]) =
max
(z,t)∈K
∫
RN
(|∇w0,ρα[z, t]|
2 + (1 + α(x))(w0,ρα[z, t])
2)dx. (4.26)
To prove (4.26), let (εi)i in R
+ and (zi, ti)i inK be sequences such that εi → 0
and (zi, ti)→ (z0, t0) ∈ K, as i→∞. Since dist({ραξ}∪ραΣ,R
N \Ωε)→∞
as ε→ 0 and taking into account (2.3), it is not difficult to see that
lim
i→∞
wεi,ρα[zi, ti] = w0,ρα[z0, t0] in H
1(RN). (4.27)
Hence we get (4.26), which implies (4.19) and (4.20), in view of (4.22) and
(4.25).
To show (4.21), observe that by Remark 4.2 the homotopy K : [0, 1]×Σ→
Ωε \ {0} given by
K(θ, z) = θβ(wε,ρα[z, 0]) + (1− θ)ραz (4.28)
is well defined, for small ε. Then, as β is continuous, there exists (zˆ, tˆ) ∈
Σ× [0, 1] such that β(wε,ρα[zˆ, tˆ]) = 0, from which (4.21) follows.
q.e.d.
Proposition 4.5 If aε is of the form (1.1) and verifies (1.2), then there
exist µ0 ∈ (m,µα,1] and ε2 > 0 such that if ε ∈ (0, ε2) then
µ0 < Sε,1, (4.29)
Sε,0 < µ0, (4.30)
m < Sε ≤ Sε,0. (4.31)
Proof Since (4.12) holds, to obtain (4.29) it is enough to prove that if (εi)i
is a vanishing sequence in R+ and ui ∈ Vεi verify
lim
i→∞
E(ui) = m, (4.32)
then
dist(β(ui), x¯/εi) = +∞. (4.33)
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We can assume ui ≥ 0 in R
N , ∀i ∈ N. By the uniqueness of the minimizer
for (2.2), there exist a sequence of points (yi)i in R
N and a sequence of
functions (φi)i in H
1(RN) such that
ui(x) = w(x− yi) + ϕi(x) (4.34)
with
lim
i→∞
ϕi = 0 in H
1(RN) and in LP (RN). (4.35)
As in Lemma 4.1, we obtain
lim
i→∞
|β(ui)− yi| = 0, (4.36)
hence (4.33) is equivalent to
lim
i→∞
|yi − x¯/εi| = +∞. (4.37)
Observe that (4.34) and (4.35) imply that
lim
i→∞
w(x− yi) = 0 in L
p(RN \ Ωεi), (4.38)
so (4.37) must hold and we get (4.29).
By (2.3) and taking into account that ∂B(0, r/ε) ⊂ Ω− and (2.5), it is
not difficult to verify that
lim
ε→0
wε[y](x) = w(x− y) in H
1(RN) (4.39)
uniformly with respect to y ∈ ∂B(0, r/ε). Then by (1.2) we have
lim
ε→0
Sε,0 = m,
and (4.30) follows.
As in Remark 4.2, we have that for small ε
K : [0, 1]× ∂B(0, r/ε)→ Ωε \ {0, (1− ε)x¯/ε} (4.40)
defines a continuous map.
Hence there exists y¯ε ∈ ∂B(0, r/ε) such that β(wε[y¯ε]) ∈ Sε, that proves
the second inequality in (4.31).
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To see that Sε > m, it is enough to observe that, for every fixed ε, if
a sequence (ui)i in Vε verifies E(ui) → m, as i → ∞, then there exist a
sequence of points (yi)i in R
N and a sequence of functions (ϕi)i in H
1(RN)
with |yi| → ∞ and ϕi → 0 in H
1(RN) and in Lp(RN), as i→∞, such that
|ui(x)| = w(x− yi) + ϕi(x).
Then |β(ui)− yi| → 0, as i→∞, and, for large i, β(ui) 6∈ Sε.
q.e.d.
5 Proof of Theorem 1.1
In this proof we consider 0 < ε < ε¯ := min{ε1, ε2} and the constants µ0, µα,1
and µα,2 previosly defined (see Propositions 4.3, 4.4 and 4.5). Moreover, for
c ∈ R, we will set
Ecε = {u ∈ Vε : E(u) ≤ c}.
Step 1 Solution of saddle type.
We claim that there exists a critical level c0,ε ∈ [Sε,Sε,0] for the function
E on Vε. If it is not true, by Proposition 4.5 and Lemma 3.1 we can apply
a well known deformation Lemma (see f.i. [21]) and find a number δ0 and a
continuous function η0 : [0, 1]×E
Sε,0
ε → E
Sε,0
ε such that
η0(0, u) = u ∀u ∈ E
Sε,0
ε , (5.1)
η0(1, u) ∈ E
Sε−δ0
ε ∀u ∈ E
Sε,0
ε . (5.2)
Then the deformation G : [0, 1]× ∂B(0, r/ε)→ RN \ {0, (1− ε)x¯/ε} given by
G(t, y) =
{
K(2t, y) if t ∈ [0, 1/2]
β ◦ η0(2t− 1, wε[y]) if t ∈ [1/2, 1]
(see (4.11)) is well defined and continuous (see (4.40), (4.29) and (4.30)).
By (4.11), (5.1) and (5.2), the map G provides a continuous deformation
in RN \ {0, (1− ε)x¯/ε} from ∂B(0, r/ε) into a set that does not intersect Sε.
This is not possible, so we get the claim.
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Step 2 Solution related to the coefficient a.
We claim that there exists a critical value c1,ε ∈ [Aε,Aε,ρα,1]. If this is not
the case, by Propositions 4.3, 4.4 and by Lemma 3.1, we can find a number
δ1 > 0 and a continuous function η1 : E
Aε,ρα,1
ε → EAε−δ1ε such that
η1(u) = u ∀u ∈ E
Aε−δ1
ε , (5.3)
furthermore, by (4.12) and (4.20), δ1 can be chosen in such a way that
Aε,ρα,0 < Aε − δ1. (5.4)
Setting
Σ˜ =
Σ× [0, 1]
∼
,
where ∼ identifies the points (z, 1), we define a map J on Σ˜ by
J [z, t] = β ◦ η1(wε,ρα[z, t]).
By (5.3), (5.4) and Proposition 4.4 (see (4.28)), J maps ∂Σ˜ in a set
homotopically equivalent to ρ1Σ (and then to Σ) in R
N \ {0}. Moreover J
is continuous, so a point (z˜, t˜) ∈ Σ˜ must exist, for which
0 = J (z˜, t˜) = β ◦ η1(wε,ρα[z˜, t˜]).
This is impossible since J (Σ˜) ⊂ β ◦ η1(E
Aε,ρα,1
ε ) = β(EAε−δ1ε ) and by the
definition of Aε (see (4.4)), so we are in contradiction.
Finally, let us remark that the critical levels c0,ε and c1,ε are distinct,
because
m < Sε ≤ c0,ε ≤ Sε,0 < µα,1 < c1,ε ≤ Aε,ρα,1 < 2
1−2/pm (5.5)
by Propositions 4.3, 4.4 and 4.5, hence we get two distinct critical points for
E on Vε.
Furthermore, the solutions related to these critical points are positive by
Lemma 3.3, by (5.5) and by the maximum principle. This completes the
proof.
q.e.d.
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